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Abstract—The growing integration of converter-interfaced
power sources into distribution grids leads to novel dynamic
stability concerns. This paper investigates the stability of a
grid-following converter under large sub-synchronous square-
wave modulations of the grid voltage amplitude. By modelling
only the critical dynamical processes of the converter control
architecture, specifically direct voltage control and the phase-
locked loop, we arrive at a non-linear fourth-order differential-
algebraic system. Under these voltage disturbances, we study the
influence of grid strength and the damping of the phase-locked
loop on system behaviour. Our results show that the dynamic
response is much stronger than predicted by small-signal analysis.
For extreme grid conditions, we identify an instability associated
with the converter’s loss of synchronisation. This study provides
insights into the non-linear dynamic behaviour of grid-following
converters under abnormal voltage profiles, plausibly induced by
equipment malfunction or load altering attacks.

Index Terms—dynamical systems, large signal stability, con-
verter control, phase-locked loop

I. INTRODUCTION

Grid-following converters, commonly employed in the con-
text of, e.g., PV plants, are designed for reliable injection of
DC power into an AC distribution grid. Given their growing
overall number, “converter stability” constitutes a topic of
utmost importance, which is why ENTSO-E mentions it as
a novel element in the list of key stability concepts [1].
Lately, several examples of destabilizing process couplings in
converter-dominated grids [2], [3] demonstrate the need for
further research on dynamical behaviour of converters.

Stable converter operation depends on reliable voltage phase
detection which is done by its synchronisation mechanism.
The synchronous reference frame phase-locked loop (SRF-
PLL; here, simply PLL) aligns an internal phase variable with
the voltage phase measured at the converter’s terminal [4],
[5]. Since the other controllers’ inputs are Park-transformed
dqg-quantities, which depend on the PLL’s phase, robust phase
detection, irrespective of voltage perturbations, is important
for the entire converter control. Consequently, the design of
such synchronization mechanisms remains a significant and
ongoing area of research.
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Distortions in the local voltage profile can arise from
different sources. Under weak grid conditions, the converter’s
power infeed modifies the local voltage, potentially compro-
mising system stability [6]. Successful phase detection can also
be hindered by voltage distortions caused by short-circuits,
equipment malfunction, or non-linear loads [4]. Particularly
large distortions can originate from, e.g., inrush-currents of
large machines or synchronised load variations which, given
the growing number of IoT devices and cyber-risks, might be
intentionally caused in so-called load altering attacks [7]-[9].

Converter’ transient behaviour is often assessed with small-
signal methods based on linearisation of the model’s differen-
tial equations [10], [11]; during major incidents like short-
circuits, line drops, or large voltage jumps, however, non-
linearities are not negligible. In recent years, concepts from dy-
namical systems theory have proven valuable in enhancing the
understanding of large-signal behaviour of power converters
[12]. As such, PLL parameter tuning that accounts for stability
under large-signal perturbations was proposed [13]. Also,
the phenomenon of sustained oscillations in converters was
investigated using the Poincaré method and bifurcation theory
[14]. Furthermore, the phase portrait method was employed
to study loss of synchronism (LoS) in converters [13], [15],
[16]. Related studies often focused on converter stability under
voltage sags; however, the response to sequential large voltage
variations, which can keep the converter in a permanent state
of transition, has received little attention yet. In this scenario,
cumulative effects may result in an overall amplified impact.

This work studies the dynamic response of a grid-following
converter subjected to large, periodic voltage amplitude fluc-
tuations. We specifically examine slow, i.e., sub-synchronous,
oscillations that could, e.g., be generated by synchronised
load switching in the distribution grid. For this, we employ
a reduced order model, the extended generalised swing model
(EGSM) [17], which explicitly models the dynamics of slow
processes inside the converter and its control system, i.e., the
direct voltage controller (DVC), and the DC-side capacitor,
and the slow PLL.

Comparing the results of the small-signal approach to our
integration-based analysis, we analyse the impact of non-linear
mechanisms in this periodically perturbed converter system.

The present work is organised as follows: Our modelling
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Fig. 1: Grid-following converter model given by Eq. (5): PLL,
DVC, and DC capacitor dynamics are modelled explicitly
while components coloured in grey are neglected or approxi-
mated.

approach is presented in section II, based on which section III
showcases the model’s behaviour under voltage fluctuations
and studies the influence of non-linearities on the system
response. Finally, section IV summarises the main findings
and provides an outlook.

II. MODELLING APPROACH

This section introduces the model of a three-phase grid-
following converter connected to an infinite AC bus that
experiences periodic three-phase voltage amplitude fluctua-
tions. Fig. 1 shows a typical control architecture of a grid-
following converter comprising a PLL, DVC, and alternating
current control (ACC) [6]. However, only processes with
dynamical time scales comparable to the sub-synchronous
voltage variations are modelled explicitly following a time-
scale separation approach. These are the PLL and the DVC,
both with bandwidths ranging between 10 and 100 Hz [18].
The faster ACC with 200 Hz, filter and power line dynamics,
and pulse-width modulation (PWM) are approximated by
algebraic relations and slower power in-feed dynamics are
treated as constants. For a more detailed discussion on these
assumptions in dynamical converter models see [15], [17]-
[19].

In what follows, calligraphic letters represent matrices,
while vector quantities are denoted using boldface characters.
Throughout this study, three-phase signals are represented in
(power-invariant) dq-frame with grid voltage angle reference
9p11 e R.

A. Converter Model

The AC power grid is represented by an infinite bus with
constant angular grid frequency wgs € R>o and an impedance
following a Thévenin modelling approach. Given the induc-
tance L, € R>¢ and zero grid resistance, the terminal voltage
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which depends on the terminal current 4, = (i¢q iy,q)" [20].
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Fig. 2: Block diagram of Park transform and PLL: The voltage
phase information is extracted from the g-component of the
terminal voltage.

Given the phase mismatch ¢ = O, — wyt € [—m,m) at
time ¢t € R, denoted as PLL phase [21], the grid voltage is
uy = (ugcos(p) —ug sin(p))" € R? where ug € R>q is
the (phase-to-phase) grid voltage amplitude.

The PLL shown in Fig. 2 tries to synchronise its internal
phase variable 6, € [—m,7) to the phase of the terminal
voltage by nullifying the g-component of the voltage via a
PI controller [4], [5]. Its control parameters kp i1, kipn € R
together define a damping ratio and a natural frequency [22],

[23]
k
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which also depends on nominal voltage amplitude U, € R+ ¢
[24], [25]. ¢ = 1/ V2 constitutes a trade-off between small
overshoots and fast response [22], [23]. The PLL has a
resonance at frequency

fres:%\/l_c2 (4)

if ( < 1. Low damping creates large overshoots which
jeopardizes transient stability [6].

The DVC is implemented as a PI controller with control
gains kp dve, ki dve € Rxg. It brings the DC voltage ug. € R to
its reference value . € R through varying the d-component
of the terminal current set-point if ; € R. That way, active
power balance is achieved at the capacitor, i.e., the power
generated on the DC side P, € Ry equals the power fed
into the AC grid P, := 4y qug,d + %,qUt,q- The g-component
of the terminal current set-point 47, € R is kept constant.

From the terminal current set-points, the ACC calculates
a duty cycle signal d € [0,1]?> which then is translated
into switching action by the PWM which we do not model
explicitly. Also, neglecting signal processing delays and (fast)
ACC and filter dynamics, we assume 4y q = iy 4 and 4y q = i ¢
[26], [27].

All in all, this leads to a fourth-order converter model, the
EGSM, with state © = (¢ Tpn Udc deC)T € C and corre-
sponding state space C := [—m,7) x R? [17]. Dynamics are
described by a system of differential equation
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Fig. 3: Eigenvalues \; (i € {1,...,4}) of the system Jacobian
at x°4 for different values uz € [0.63Ug, 1.5Ug]: As ug
decreases, A; and Ay approach the imaginary axis. Other
parameters are ( = 0.1 and L, = 10mH.

and corresponding algebraic relations
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For some parameter combinations, this model exhibits a (sta-
ble) equilibrium state z°1 = (p°4 0 wj. 251.)7T derived in
App. A.

Note that, in contrast to the original formulation of the
EGSM, Eq. (5b) has utq = U, assuming instantaneous
terminal voltage control [17]. Since we consider a purely
grid-following control, terminal voltage in our model remains
unregulated, i.e., us g is given by Eq. (1).

B. Grid Voltage fluctuations

We proceed with the mathematical formulation of the
square-wave voltage amplitude fluctuations imposed on the
converter. The external power grid is considered as operating
in one of two discrete grid states, 1 and 2, corresponding
to over- and under-voltage, respectively. Given ugo € R,
frequency fq € Rso, and amplitude A3 € R, the corre-
spondingly fluctuating grid voltage amplitude is

ug(t) = Ugo+ Aq 'poo(t; fd) € {ug7laug,2}a (6)
where poo (t; fa) € {—1, 1} is the square wave function. Given
a cut-off kpmax € N>1, poo(t; fa) can be approximated as

k
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Phoax (1 fd) = p k_§5 7 Sin (27 fq kt), 7

summing over spectral components associated with odd har-
monics. In the limit k.« — 00, this yields the square wave.

In sum, the voltage fluctuations constitute an external driv-
ing of the converter system; accordingly, Aq is referred to as
the driving amplitude, and f4 as the driving frequency.
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Fig. 4: System trajectory under grid voltage fluctuations shown
in the reduced state space spanned by (¢, zpn): The equilib-
rium states @], x5! are visualised as blue and red points,
respectively. Green circles indicate grid state transitions. The
simulation parameters are ( = 0.1 and fq = 8.5 Hz. In (b), a
grey area indicates the basin of attraction (see App. B).
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Fig. 5: Asymmetric oscillations of u4. in unstable situation
from Fig. 4b: Areas with positive (green) and negative (red)
control error have different size. Grid state transitions are
marked by vertical black dashed lines. The simulation param-
eters are ( = 0.1 and fq = 8.5Hz, and L, = 10mH.

IIT. SIMULATION ANALYSIS

Before showcasing the system behaviour, we dis-
cuss the simulation framework. Simulations are writ-
ten in Julia Programming Language [28] employing the
DifferentialEquations. j1 package [29] with integra-
tion method “Tsit5” [30]. To better capture the discontinuities
in ug during integration, we select small evaluation time steps
At =1/(2fq4 - 400).

The DVC has gain values k, gvc = 2 and kj gvc = 50.
Furthermore, we choose DC-side voltage reference value
uj, = 700V and capacitance Cy. = 150 uF. The DC power
source constantly provides P, = 10kW while if , = 0. PLL
parameters are selected in terms of damping ¢ € [0.05,0.4]
and resonance frequency which is kept at f.o.s = 10 Hz (see
Egs. (2) and (4)). The grid has frequency w; = 27 -50 Hz and
nominal voltage U, = /3 - 230 V. Different grid strengths
are considered corresponding to short-circuit ratios between
5 and 51: Ly € {1mH,4mH} representing a strong and
L, € {TmH,10 mH} representing a weak grid.

The fluctuations of the grid voltage amplitude are mod-
elled with the square wave function in Eq. (7) employing
Ugo = Uy, Aqg = 0.2U,, and f4 € [0.5,30] Hz.
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A. Transient dynamics

We study system behaviour under fluctuating grid voltage
amplitude, for particularly low damping ¢ = 0.1 and high
inductances L, € {7,10} mH.

One prerequisite for transient stability is the existence of
a post-fault equilibrium. In our case, this means that each
grid voltage amplitude, v, 1 = 1.2U; and ugo = 0.8Ug,
there must exist a corresponding equilibrium x{?, x5! €
R*, respectively. We here show that this is the case for
Ly = 10mH and holds true also for smaller inductances L.
Shown in Fig. 3, the root-loci of the Jacobian’s eigenvalues
(see Eq. (8)) for u, € [0.63Ug,1.5U,]| indicate small-signal
stability of the equilibrium. For ug < 4 /ngL P, ~0.63U,,
the equilibrium ceases to exist (compare App. A). This lower
bound for the voltages decreases with smaller Lg; hence, the
equilibria 2, z5? also exist for higher grid strengths.

Having checked for existing equilibria, we proceed with
the assessment of the system dynamics. Initialising with
z(t =0) = x]?, we integrate Eq. (5) up to 7' = 55 varying
the voltage amplitude in Eq. (6) with fq = 8.5Hz. The
system shows two different kinds of long-term behaviour. For
Ly = 7TmH, the dynamics shown in Fig. 4a are stable in the
sense that, after a transient lasting several driving periods, the
converter state settles down onto a constant orbit. By contrast,
at higher grid impedance, L, = 10 mH, the driving renders the
system unstable. After several switching periods, the trajectory
shown in Fig. 4b leaves the system’s basin of stability (see
App. B).

The unstable dynamics are accompanied by growing state
variables oscillations. Fig. 5 shows them for the DC voltage
uge. Since the oscillations are asymmetric in the sense that
green and red areas in the Figure differ, the DVC’s integral
state grows with each driving period presumably causing the
observed converter instability.

B. PLL Phase Response Magnitude

For most parameter combinations, dynamics end up on
a stable steady-state oscillation where each state variable
oscillates with some amplitude. In the following, we employ
small-signal analysis and numerical integration to study the
impact of damping ¢ and grid inductance Ly on the response
magnitude of the PLL phase for different driving frequencies
fa €[0.5,30.0] Hz.

For the small signal analysis, we derive the system’s transfer
function. Subjected to deviations of the grid voltage amplitude
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Fig. 6: PLL phase response magnitude to grid voltage ampli-
tude fluctuations: Response curves obtained from integration,
Afgnum) (solid), and from small-signal analysis, Agin) (dashed),
are shown for (a) Ly = 10 mH and different ¢, and (b) ¢ = 0.2
and different L,. Each curve is calculated at 250 equally
spaced values of the driving frequency fq € [0.5,30] Hz in
Eq. (6). In case of unstable dynamics, no data points are
plotted.

dUg = Ug —Ug 0, the system dynamics close to the correspond-
ing equilibrium (! € R* can be approximated as

0 = Vo f (x5 ug) 0 + Vo, f (25t ug) oug — (9)
where deviations dx = x — x;! € RY. The Jacobian
Ve f(x;ug) is given in Eq. (8) for if , = 0; furthermore,
the gradient

—kp pising
—k;i pnsin e
COsS Y if 4
0

vug.f (; Ug) =
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quantifies the state’s sensitivity to changes in grid voltage
amplitude. Taking the Laplace transform of Eq. (9) and
rearranging terms yields the transfer function

h(s) = d&(s)/dlg(s) = (s1 — Vg f)~

'V, fect (10



for s = jw € C, j the imaginary unit, and 1 € RV*N the
identity matrix. Then, the linear response to varying voltage
amplitude in Eq. (7) is the superposition of response to
spectral components U, (j2mfak) = 4Aq/(7 - k) for k €
{1,3,5,..., kmax}. Transformed back to time domain, the
response magnitude of the PLL phase is

kmax

(lin) __
Aw = max Z

k=1,3,5,...

where ax = |h1(j27 fak)| and 0 = arg(hi(j27 fak)). In our
analysis, we take k., = 101.

Second, we determine the response numerically by inte-
grating the system dynamics up to time 7' = 4s. After the
trajectory x(t) has settled down on a steady-state oscillation,
the PLL phase response magnitude is quantified by

Ag“‘m) = (mtax o(t) — mtin go(t)) /2

for t € [T, T + 2s]. If the system does not show stable long-
term behaviour the response is considered undefined.

The results are illustrated in Fig. 6. If driving happens
sufficiently slowly the system can relax to the respective
equilibrium point within half a driving period, i.e.,  — x{% or
x5, As a consequence, the PLL phase response is determined
by the overshoots of the individual relaxation dynamics [31,
p. 285]. For fq — oo, the PLL acts as a low-pass filter such
that the response shrinks to zero.

In the resonance regime, the PLL phase response curve
has several maxima the largest of which matches with the
PLL resonance frequency fres = 10Hz from Eq. (4). Other
(smaller) maxima are supposedly triggered by higher spectral
components of the driving function in Eq. (7) and/or originate
from sub-harmonic resonance.

Fig. 6a illustrates the destabilising effect of low damping.
Upon decreasing ¢, the resonance maxima grow in magnitude.
For ( = 0.1 and L = 10mH, dynamics are unstable at
driving frequencies slightly smaller than f,.s. Similar to the
case shown earlier in Fig. 4b, the perturbation leads to LoS.

Also, lower grid strength increases the PLL response.
Shown in Fig. 6b, the grid inductance scales the overall PLL
phase response where for larger L, the resonance peak slightly
moves to smaller frequencies.

Fig. 7 visualises the %)rocess couplings of the EGSM. The
small-signal response A@lm) systematically underestimates the
actual system response Agmm). This is due to the to grid
voltage ug acting as a time-varying parameter in Eq. (5). The
term sin pug ~ @ ug is of special relevance here. Generally,
we have p(t) = o + Ap(t) and ug(t) = ug o + Aug(t) for
offsets g, ug0 € Rso. Simplifying Ap(t) = A, sin(wqt),
Aug(t) = Aqgsin(wqt + «) and phase difference o € (—m, 7],
this is

4Ad Ak

— — sin(27 fakt + 0) (11
T k

12)

©(t)ug(t) = @oug,0 + g 04, sin(wat) + poAdg sin(wat + )

+ %AdAW (cos(a) — cos(2wqt + ) (13)
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Fig. 7: Visualisation of process interactions for i¢, = 0:
Coupling terms in Eq. (5) are represented by arrows. Constant
factors are omitted.

where only terms in the first line of the r.h.s. in Eq. (13) are
accounted for in the linear response in Eq. (10).

On the other hand, the small-signal approach does not
account for the higher-order terms in the second line of
Eq. (13). The term — cos(2wqt + «) introduces an additional
spectral component to the response, which entails an important
role in the sub-harmonic resonance observed in Fig. 6. The
term cos(a), on the other hand, shifts the average value of
the oscillation of ¢(t) - ug(t). In the simulations, we observe
that ¢(t) and ug(t) tend to oscillate out of phase such that
cosa < 0 (compare Fig. 4). This shift in the phase portrait
towards larger PLL phases effectively leads to larger absolute
values of the time-derivatives in Eq. (5) thereby amplifying the
PLL phase response. This effect is associated with parametric
resonance, to be examined in future studies.

IV. CONCLUSION

Sub-synchronous large voltage fluctuations pose a danger to
converter stability. This paper examined the dynamic response
of a grid-following converter to slow, large, periodic voltage
amplitude fluctuations at the terminal for different controller
settings and grid strengths. Employing a reduced-order model,
we observe that the response is mainly shaped by the PLL
resonance. A non-linearity amplifies the actual PLL phase
response rendering the transfer function approach inappropri-
ate for the quantitative analysis. If PLL damping is low, the
voltage fluctuations can cause LoS.

More research is needed to understand the potential impact
voltage amplitude fluctuations have on converter systems.
For example, voltage amplitude variations are likely to be
accompanied by phase jumps which has not been considered
here. Then, the ability of protection schemes like current limits
and PLL frequency-band limits, or stabilising controls like
PLL freezing [6] to keep the converter stable in the considered
scenarios should be studied. From this, novel design guidelines
for stable control of grid-following converters can be derived.

Showcasing the limits of linear stability analysis of a grid-
following converter in presence of a periodically changing
voltage amplitude, this work contributes to ongoing converter
modelling efforts. It emphasizes the importance of non-linear
phenomena in externally driven converter systems, particularly
relevant for assessing the risks posed by load-altering attacks.



APPENDIX
A. Fixed points of the EGSM
To find the fixed points of the EGSM, set the time deriva-
tives of Eq. (5a) to zero. Accordingly, P, = P, and u; 4 = 0.
Furthermore, states attain values xp = 0, uqc = uj,, and the
mutually dependent expressions

Py = —m (A1)
g c05(7)
L vC
ug sin ¢ = —-gdve, (A2)
Ug

for i?;q = 0. Eq. (A.1) and Eq. (A.2) together have two
solutions. Plugging one equation into the other yields the
stable fixed point, the equilibrium, °? and the unstable fixed
point "™ which are

oo = (%0 0wl 220)" (A3)
™ = (r+ ¢ 0 uy, — acz(\l,c)T (A.4)
where ©°4 = larcsin (%) If 2wy Ly Py > uZ, the

system has no fixed points.

B. Basin of stability

Given intervals K, C (-7, 7] and K, C R, the basin of
stability of the EGSM is numerically obtained for the reduced
phase space K, x K, . The system is evolved with Eq. 5
departing from different initial conditions x(¢t = 0) = x;'+0&
where deviations & € {(6¢ dZpn 0 0)T|(0¢, 6Fpn) € Ky ¥
Ke,n}. The 8¢, 0%, are selected as distributed on a 80 x 80
- grid. We choose the tolerance ¢ = 1073, For T = 50s, a
system trajectory is considered converged if

|l(T) — x|| < e
otherwise, the system is classified as unstable.
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